We introduce a new class of models describing dynamically broken supersymmetric theories at low energies on the basis of a simple illustrative example. Our approach is especially useful within the context of quantum effective actions and allows in contrast to other known models the description of hysteresis effects by means of soft supersymmetry breaking terms.
Introduction and Outline of the Problem
In this paper we want to introduce a new class models describing low-energy approximations of supersymmetric gauge theories. The necessity of such a model has been worked out in detail in [1] , in the following we shortly want to review some results on the basis of N = 1 SYM.
We want to construct an effective action for N = 1 SYM theories based on classical fields from composite operators that represent (by assumption) the relevant low energy degrees of freedom. It has been shown that we obtain such an effective action by extending the complex coupling constant τ of SYM to a chiral superfield J(x) = τ (x)+θη−2θ 2 m [2] [3] [4] . The effective action is obtained by Legendre transformation and is formulated in terms of three classical fields ϕ, ψ and L that represent the gluino condensate, the (would-be) goldstino and the classical Lagrangian respectively. The source extension is unique in the sense that there exists no other extension that preserves gauge invariance and supersymmetry covariance [5] . As an ansatz for this effective action one writes down a supersymmetric non-linear sigmamodel [2, 3] 
where Φ is the chiral superfield reconstructed from the three classical fields. Depending on the details of the dynamics one arrives at the conclusion that supersymmetry is unbroken [2] or broken [3] . Completely independent of this question the above ansatz suffers of the following problems [1] :
• The low energy spectrum has no glue-ball. The only candidate for a glue-ball operator is F µν F µν and the corresponding classical field in Φ is the auxiliary field. Within the ansatz (1) the latter cannot be seen as an independent physical degree of freedom. Thus we have to assume that the glue-ball of N = 1 SYM does not belong to the relevant low-energy degrees of freedom. Even if this assumption is correct the relation to pure YM theory remains mysterious. If the basic concept of the ansatz is correct (namely to describe the low-energy dynamics by dual fields to sources of renormalizable operators) pure YM theory must be described by a dynamical F µν F µν and we are left with the unsatisfactory situation that either the two classical fields Ω(J)|F µν F µν |Ω(J) SYM and Ω(J)|F µν F µν |Ω(J) YM are completely independent objects or that there exists a phase transition in the decoupling of the gluino by giving it a heavy mass. It has been tried to escape this restriction by the choice of a more complicated geometry than realized in (1) [6] . From our point of view the result of [6] cannot lead to a resolution of the problem [1] .
• The effective action is strictly local (one derivative for the goldstino, two derivatives for the gluino condensate). If we identified the low-energy degrees of freedom correctly higher order derivatives are indeed suppressed but they are not allowed to vanish exactly. An effective action of this type is not acceptable as long as the underlying theory is not free.
Besides this general objection a careful analysis within the supersymmetric framework shows that the locality of supersymmetric non-linear sigma models is not just a harmless peculiarity but has drastic consequences: By writing down the effective action as superspace integral we assumed that the invariance under extrinsic supersymmetry (transforming the quantum fields as well as the sources) is realized thereby and the generic form of (1) is correct for any value of the sources. By decoupling the gluino, (1) becomes completely non-dynamical. From physical arguments we would expect that this effective action breaks down at some value of the gluino mass: As we increase m the mass of the lightest gluino state increases as well and for some critical value m c reaches the scale of the lightest glue-ball. At this point the description (1) should break down as it does not include all relevant low-energy degrees of freedom. This should be seen by the breakdown of the expansion in the derivatives. But this breakdown can never take place in (1) as higher order derivatives are always strictly zero. Notice that the alternative indication of a breakdown of the description -instabilities in the potential-is excluded as well. For details we refer the reader to [1] .
• An acceptable ansatz for the quantum effective action can be found by dropping the assumption that the latter can be written as an integral over superspace. Without further specifications such a model has been discussed in [1] . There indeed exist possibilities for descriptions of this type for both, broken and unbroken supersymmetry.
However in its most general form such an ansatz seems to be excluded by symmetryarguments: As the three classical fields do transform under supersymmetry they build a representation thereof and thus supersymmetry would be realized non-linearly. But this contradicts the assumption that we can expand our effective action in the momenta, as non-linear representations mix different orders in p 2 . This would then lead to the conclusion that we did not correctly identify the low-energy degrees of freedom.
• We emphasize that we cannot escape the above difficulties by switching to an alternative low-energy description, especially to a Wilsonian low energy effective action. The Wilsonian action indeed does not suffer of the mentioned problems, but instead of solving them it simply gets rid of an important part of the dynamics by introducing an arbitrary infrared regulator. It has been discussed in detail in [1] why the Wilsonian action cannot serve as an alternative to the quantum effective action.
In this paper we want to propose a way to circumvent these problems that could lead to an effective action for SYM with
• linear realization of supersymmetry,
• dynamical glue-ball,
• infinite orders of derivatives, where higher orders are suppressed but present.
A model possibly describing SYM is not yet developed, instead we want to present the basic ideas by means of a simple illustrative example.
2 The Non-Local Model
The Basic Idea
In principle a non-local effective Lagrangian does not stand in contradiction to (linearly realized) supersymmetry. Indeed with a single chiral superfield Φ = ϕ + θψ + θ 2 F -the standard situation used throughout this work-the expression
is invariant under supersymmetry. The generic case is excluded by stability arguments: Obviously the higher derivative terms introduce kinetic terms for the auxiliary field F :
On the other hand the F -field has the typical potential of an auxiliary field: It is not bounded from below but falls off to −∞ as F goes to +∞. In fact it does not even have a local minimum, but instead an absolute maximum. We either come to the conclusion that the higher derivative terms are absent completely or that the auxiliary field has a vacuum expectation value F = +∞ in the physical minimum. In the latter case we would have to conclude, that we did not identify our low-energy degrees of freedom correctly. It is important for the following discussion to note that any effective description contains two essentially different classes of auxiliary fields: The auxiliary fields of the fundamental quantum field theory (1 st class auxiliary fields in the following) and the auxiliary fields of the effective superfields (F in our case, 2 nd class auxiliary fields). There exist two different ways to escape the trap of dynamical 2 nd generation auxiliary fields:
• We can try to arrange the higher order derivative terms in such a way that the derivative terms of the auxiliary fields cancel exactly while the ones in the physical fields remain. Quite obviously this is possible in a model with several superfields, only. This ansatz has been used to describe the low-energy regime of SQCD by gauged non-linear sigmamodels [7] [8] [9] [10] . This line of attacking the problem is appropriate, if the 2 nd generation auxiliary fields are seen as auxiliary fields from the point of view of the fundamental theory as well. • This last point is not at all stringent. A counter-example is SYM: Therein the F -field contains the operator Tr F µν F µν and at least in pure YM theory we expect this operator to represent a dynamical low-energy field. This is compatible with supersymmetry if we manage to construct a stable potential thereof (of course while keeping the potential of the remaining fields stable as well). In this paper we want to show that it is indeed possible to construct such models with the following important reservation: Supersymmetry must be broken dynamically.
On the basis of the standard non-linear sigma model (1) it is impossible to get a stable potential for both, the auxiliary as well as the physical fields. As by its construction the non-linear sigma model is the most general Lagrangian obeying all symmetries, we have to weaken some conditions compared to this approach. This concerns the understanding of a stable potential. We insist on the potential being bounded from below and having an unique absolute minimum, identified with the physical minimum (we do not consider models with a quantum moduli space, as the classical moduli space must getting lifted when exploring the hysteresis line [1] ). In contrast to (1) we however accept potentials that become flat above some value of the fields (cf. figure 1 ). This is motivated by the following observation: Our description is valid below some energy-scale Λ (or equivalently within restricted local excitations of the sources) as well as within a certain range of the global sources, only. A breakdown of the description outside of this range is rather a necessity than just a possibility. This breakdown can either be seen in the momentum-expansion or in the potential. However we have to insist on a potential bounded from below, as the physical minimum is defined as the absolute minimum of the effective potential (for a detailed discussion of this point see [1] ). Thus a potential becoming flat above some scale of the fields is indeed the most general situation. Of course this scale has now direct physical implications. As we discuss in this paper a toy-model only, we do not attend to this point within this work. This new choice of acceptable potentials as well as other steps of our construction will lead to an ansatz for the effective action, which is not an acceptable (classical) field theory for its own. It is of particular importance in the discussion on hand that this need not be the case -in fact we will see that any acceptable description of the effective action must disobey important features of classical supersymmetric field theories. From the point of view of the underlying quantum field theory these non-supersymmetric aspects of the effective description will turn out to be in perfect agreement with all symmetries. We emphasize that supersymmetry (or any other symmetry realized in the system) can be understood from this point of view, only. Many problems in the description of dynamically broken supersymmetry and its hysteresis line can be resolved by dropping the unfounded assumption that such a model must be described by the classical supersymmetric non-linear sigma model of equation (1) . In this context it is important to note that our new model should be understood in a complete non-perturbative study of quantum field theories, only. Clearly a perturbative analysis of the same models must be compatible with standard superspace geometry even when formulated in terms of the same operators as used in the non-perturbative region.
The free Model
A physical potential of the 2 nd generation auxiliary field within the ansatz (1) would be possible with g ϕφ < 0 (equivalent to c 0 < 0 in (2)), only. It is easy to check, that the instabilities caused by this "wrong" sign cannot be removed. On the other hand, a physical potential is possible, if and only if the highest power in F comes together with a positive sign in the effective potential. The only way out is thus an effective Lagrangian containing higher powers in F (at least |F | 4 ). This can easily be done by formulating the model in terms of two chiral fields Φ and Ψ =D 2Φ . The simplest ansatz is then
The Lagrangian now has the potential V = −g 2F F − g 4 (F F ) 2 and moreover we added a huge number of derivative-terms. Certainly g 4 < 0, and together with g 2 < 0 we would arrive at even worse instabilities than in (1) . But by choosing g 2 > 0 we get a Mexican-hat potential for the auxiliary field with the minimum:
It is easy to see that the model is still unstable, as the dynamical field ϕ has p 2 -terms with the wrong sign (we will comment on the goldstino field below). Thus we have to add new terms to the Lagrangian that generate correct kinetic terms but do not affect the potential in F . This can be done by adding terms that include explicit derivatives. A suitable choice
Integrating out superspace the above Lagrangian reads (up to total derivatives):
The potential is getting minimized by (F F ) 0 = − g 2 2g 4 , ϕ 0 = 0, ψ 0 = 0. Thus we get with respect to the minimum the following momentum-expansion:
Stability of the p 2 and p 4 terms obviously demandsc > |g 4 |. The auxiliary field is still non-dynamical. We thus add a term Φ2Φ to the Lagrangian, which generates the following new terms
This new term does neither weaken the above stability constraint onc nor does it introduce new instabilities. In a similar way we can now introduce any higher derivative terms. This terminates the construction of the free model. Before introducing couplings we want to make some comments.
• In our model supersymmetry is broken spontaneously by the vacuum expectation value of the F field. The goldstino is represented by ψ, as this field transforms under supersymmetry into the operator breaking supersymmetry.
• We have indeed constructed a non-local model where higher order derivatives can be suppressed. Denoting by Λ the typical scale of the theory we expect g 2 = O(1), g 4 ,c, c 1 = O(Λ −2 ) and c n = O(Λ −2n ). It is a typical property of these models that the kinetic terms of the F -fields starts with order Λ −2 .
• As mentioned in the previous section our model (or some more realistic generalization) can be seen as an effective description of some more fundamental theory, only. Though the free model does not yet make use of semi-stable potentials as described above this can be seen from the following points -It is well known that the order parameter of spontaneous supersymmetry breaking is directly related to the coupling of the goldstino and is restricted to positive values [11] . We could try to construct the supercurrent of our model and read off the above quantities. But even without detailed calculations we can see that our model does not obey the above conditions: The typical representative of the order parameter is the vacuum expectation value of the energy-momentum tensor. From (L kin ) 0 = (g 2 ) 2 4|g 4 | we find (T µν ) 0 = −g µν (g 2 ) 2 4|g 4 | < 0. But obviously this quantity has nothing to do with a goldstino coupling, as our goldstino has derivative couplings only and the coupling of the goldstino to the supercurrent is not of this form. To understand this one should notice that the positivity of supersymmetric potentials is actually a constraint on the maximum of the auxiliary field potential, the latter must be positive semi-definite. By eliminating the auxiliary field the system is put on top of the auxiliary field potential, which becomes the minimum of the physical potential. In our model we minimize the potential in all fields and the positivity property is lost. From the point of view of an effective theory the goldstino coupling is determined from the order parameter of the underlying quantum theory, which will typically be equivalent to the 2 nd generation auxiliary field F . The goldstino coupling must be in agreement with the restrictions from the current algebra of the quantum field theory, only. We cannot expect that similar relations from the effective theory have a direct (physical or mathematical) interpretation.
-In contrast to standard supersymmetry we did not break supersymmetry by a splitting of the masses of the physical fermion and boson states, ψ and ϕ, but they are both massless. Instead we have arrived at a non-zero vacuum expectation value of the auxiliary field just by manipulating the potential thereof. This still generates the typical transformation-rule of a goldstino for ψ: δ α ψ β = iǫ αβ F 0 + local, but it does no longer allow to use standard results from current-algebra relations, as fundamental properties of these objects are lost.
-Closely related to the above observations is the atypical form of the potential with V eff (Φ 0 ) < 0. It has been discussed in [1] that such a potential need not contradict supersymmetry, but its realization needs the presence of non-perturbative nonsemiclassical effects. Our model leads to an effective description of this type of supersymmetry breaking. By its definition -namely describing the low-energy behavior of a supersymmetric quantum field theory where non-perturbative nonsemiclassical effects overrode fundamental properties of classical and perturbative supersymmetry-the current-algebra relations of this model (taken for its own) cannot be consistent with standard results from classical supersymmetric field theories.
-The price we paid to arrive at the model is a wrong sign in the p-fluctuations of the goldstino. This may look unesthetic but we rate our model according to stability conditions and correct realization of symmetries, only. From this point of view the wrong sign of the kinetic term is acceptable, it does not introduce instabilities but can be removed by interchanging positive and negative frequencies of the goldstino.
-Without reference to an underlying theory, our model violates the equality of bosonic and fermionic degrees of freedom. Again the underlying theory may resolve this: The equality obviously holds on the level of the (quantum-)field content of the classical fields in Φ. Whether the equality is realized on the level of Φ by the suggestive solution with ϕ, ψ physical and F auxiliary or not is not at all obvious, physical ϕ and F need not stand in contradiction to the equality as they are usually subject to constraints from the fundamental theory. To prevent misunderstandings we should also notice that the question of the 2 nd generation auxiliary field is completely independent from the 1 st generation, i.e. it does not change when using Wess-Zumino gauge on the level of the fundamental theory. This may on the contrary motivate the above statement: By eliminating the fundamental auxiliary field, all fields of the effective superfield are built up from solely physical fields. Inspecting e.g. the effective superfield of SYM, the constraint on its highest component being auxiliary looks completely arbitrarily. Our construction shows how to avoid this at least for a certain class of models.
• The degrees of freedom of our model are: Two Goldstone particles (one Majorana spinor from supersymmetry breaking and one real scalar from U(1)-symmetry breaking), one real massive scalar and one complex massless scalar. Two degrees of freedom need additional comments.
-The massless scalar ϕ is particularly dangerous from the point of view of infrared divergences. We will show in the next section how to remove this by giving the field a mass.
-In realistic models the Goldstone boson may be absent: We have seen above that the F field is typically the order parameter of supersymmetry breaking with respect to the underlying quantum field theory, usually the vacuum expectation value of the energy-momentum tensor. In a theory with broken R-symmetry we then get Re F ∼ Ω|T µ µ |Ω and Im F ∼ Ω|∂ µ R µ |Ω and the U(1) symmetry is not realized in the fundamental theory. The direction of the vacuum expectation value is then fixed and the Goldstone particle is absent.
Several points of the above discussion may look mysterious to the reader. In the end it will however turn out that most of them are actually essential features of any model describing the quantum effective action of a spontaneously broken supersymmetric theory as outlined in section 1 and discussed in detail in [1] .
Simple Couplings
In this section we want to introduce simple couplings to the model of the previous section, especially we want to show that we can give the field ϕ a mass independently of the ψ field. To this end we generalize the first term of our Lagrangian to
where K(Φ,Φ) is some Kähler manifold. Integrating out superspace we get [12, 13] 
with g ϕφ = g 2 being the metric, g ϕφ,ϕ = g ϕφ Γ and the covariant derivative acts on the spinor as D µ ψ = (∂ µ + Γ∂ µ ϕ)ψ. We can also introduce a superpotential of the form
As we cannot eliminate the auxiliary field F the handling of equation (11) and (12) is different from the standard non-linear sigma model. In the following we assume a trivial vacuum of ϕ: ϕ 0 = 0. Evaluated with respect to the ground-state we then get the following couplings:
• Self-coupling of F : Mexican hat, discussed in the last section.
• Self-coupling of ϕ:
The terms from the superpotential look unstable as the effect of getting an absolute value squared by means of eliminating the superpotential can no longer take place. Indeed these instabilities either have to be compensated from Kähler terms or the instabilities are getting removed by constraints on ϕ and F . With zero superpotential we get a standard mass of ϕ: m ϕ = − gϕφ 2|g 4 | g ϕφ,ϕφ . • Self-coupling of ψ:
We see that g ϕφ,ϕφ < 0 is a second stability constraint, which is compatible with a positive mass for ϕ in case of vanishing superpotential. In this situation the mass of ϕ together with the order parameter of supersymmetry breaking determines the four-point interaction of the goldstini. It may surprise that the mass of the goldstini need not vanish, but is rather a constraint on the superpotential and on Γ. We will comment on this below. Apart from the mass parameter the couplings of the goldstino are similar to the one in the usual non-linear sigma model, as the fermionic part of the Lagrangian is not directly affected by the change of the interpretation of the F field.
• Mixed couplings: There exist of course several mixed couplings that follow straightforwardly from equations (11) and (12) . At least in the simple model described here they are harmless and thus we do not want to go into further details.
• Here we now made use of the semi-stable potentials introduced in the first section. Above the scale of supersymmetry breaking we expect FF = 0 and the potential of ϕ becomes completely flat.
We finally want to comment on the goldstino-mass: The fact that the goldstino-mass does not vanish automatically again shows the restricted relevance of our model, solely being an effective description of some more fundamental theory and not a meaningful model for its own. But within this restricted application range this apparent disaster turns out to be a unexpected success. Indeed it has been mentioned in the introduction (and discussed in detail in [1] ) that the supersymmetry of Φ realized on the level of the effective action corresponds to extrinsic supersymmetry on the level of the fundamental theory, not intrinsic supersymmetry. Using again SYM as an example this means that the supersymmetry invariance of the full source extended action
is mapped onto the supersymmetry invariance of the multiplet of classical fields Φ and not the covariance under the transformation of the quantum fields only. One can introduce a dependence of the effective action on the constant part of the source J. But this dependence is then purely parametrical and not expressed as a superspace integral. This interpretation of the supersymmetry invariance on the level of the quantum effective action is compatible with recent studies of perturbative SYM with local coupling constant [14, 15] . From the non-perturbative point of view the above extension is especially useful as it allows explicit breaking of chiral symmetry and soft breaking of supersymmetry by means of a constant source m, playing the role of a gluino mass. Even in the limit of a non-vanishing gluinomass the above description must be applicable (at least for small masses m). But at this point the (pseudo-)goldstino ψ receives a small mass, as the breaking of supersymmetry can be understood as a breaking of supersymmetry on the level of the quantum fields, only. Consequently a quantum effective action of a theory with dynamical supersymmetry breaking can be described within a superspace approach by a model with variable goldstino mass, only. Although our model is certainly too simple as a realistic description of such a quantum theory, it has all fundamental features needed in such an approach.
Summary and Conclusions
We have introduced in this paper a new class of low-energy descriptions of supersymmetric gauge theories by means of a simple toy model. This new description is suitable for models where supersymmetry is broken dynamically by non-perturbative non-semiclassical effects. The specific problem in the construction of the low energy approach lies in the realization of supersymmetry: In a sense the model must be both, supersymmetric and non-supersymmetric. The supersymmetric and non-supersymmetric aspects are:
• Supersymmetry is realized linearly in the sense of transformation rules between the different low-energy degrees of freedom. This behavior is included in the assumption of a correct identification of the low-energy degrees of freedom. In practice it simply means that our ansatz must be expressible as integrals over superspace.
• Taken for its own the effective model must disobey standard characteristics of (classical and perturbative) supersymmetric models. This can be motivated as follows: Our model shall describe by means of a classical Lagrangian the behavior of theory, in which important characteristics of classical and perturbative supersymmetry have been changed by non-perturbative effects. This classical (effective) Lagrangian must thus in certain aspects be non-supersymmetric. This especially includes:
-The usual splitting of the fields into physical ones (with an equal number of bosonic and fermionic degrees of freedom) and into auxiliary fields does not hold. Instead the auxiliary fields turn into physical fields.
-The minimum of the potential is negative. In classical and perturbative supersymmetry this is excluded by the analogy of the minimum of the potential and the vacuum expectation value of the energy-momentum tensor due to the nonrenormalization theorem. The latter must be positive semi-definite from current algebra relations. -The order parameter of supersymmetry breaking (namely the vacuum expectation value of the energy-momentum tensor) has the wrong sign and is not related to the coupling of the goldstino. -The goldstino needs not be massless. Instead this is an additional constraint on the coupling constants of the model.
We should emphasize that all these non-supersymmetric characteristics can be seen as nonsupersymmetric from the point of view of the effective model (taken for its own and not referring to the underlying theory), only. From the point of view of the underlying theory all seeming discrepancies have its definite interpretation. Especially we want to mention that the variable mass of the goldstino is of fundamental importance: Our description should hold for softly broken supersymmetry as well and within this region the (pseudo-)goldstino becomes massive. The ansatz used in this work is consistent together with dynamically broken supersymmetry, only. Typically we assume in this type of theories the existence of a mass-gap where solely the goldstino lives below the latter. One then might ask what our formulation gains compared to a low-energy description of the goldstino, which can be found within non-linear realizations of supersymmetry [16, 17] . We think that there exists an important difference between the two situations: Indeed our specific model has to assume dynamically broken supersymmetry, but the motivation stems from a quantity, whose existence does not depend on this question, the quantum effective action. Our analysis together with the discussion of [1] shows that a single ansatz for the description of the quantum effective action is probably insufficient, instead we need two, one for broken and one for unbroken supersymmetry. Stability and consistency conditions evaluated in both cases then should show, whether supersymmetry is broken or not. But this program does not allow to replace the description of the broken case by the above mentioned non-linear effective goldstino-Lagrangian: The field-content is determined by the source-extension of the system and supersymmetry must be realized on this set of fields. Moreover the description must hold even for softly broken supersymmetry, as we outlined above. From this point of view we think that our description is more fundamental: Although the specific realization had to assume broken supersymmetry it can be used within a program that actually does not presume this behavior. Once we have found therefrom that supersymmetry is actually broken, the above goldstino-Lagrangian may be a simpler and more convenient way to describe the theory for vanishing sources. For a more detailed discussion of this relation between fundamental models describing the quantum effective action and effective approaches describing the dynamics once we have found the ground-state we refer the reader to [1] .
Many questions are still open. Especially our model does not yet allow a vacuum expectation value of the lowest component of the effective field, which can be related to chiral symmetry breaking on the level of the fundamental theory. It should also be studied how higher order vertices of the auxiliary field can be introduced. In our model they have been restricted to |F | 4 . This generalization will lead to a Kähler manifold of two chiral fields Φ and Ψ, where Ψ is related to Φ by means of Ψ =D 2Φ . Finally the existence of the non-perturbative non-semiclassical effects has been derived in [1] from physical arguments, only. Classical field-configuration that could lead to such an effect are unknown. In other words: It would be interesting to turn the non-perturbative non-semiclassical effect into a non-perturbative semiclassical one.
